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Symbols used Syllabus outcomes addressed

A Beware! Heed warning. MA11-6 manipulates and solves expressions using the
logarithmic and index laws, and uses logarithms and

@ Mathematics Advanced content. exponential functions to solve practical problems

@ Mathematics Extension 1 content. Syllabus subtopics

@ Literacy: note new word/phrase. MA-E1 (1.3, 1.4) Logarithms and Exponentials
N the set of natural numbers

Z the set of integers

Q the set of rational numbers

R the set of real numbers

Vv for all

0 Gentle reminder

e For a thorough understanding of the topic, every question in this handout is to
be completed!

e Additional questions from CambridgeMATHS Mathematics FExtension 1
(Pender, Sadler, Ward, Dorofaeff, & Shea, 2019b) or Cambridge MATHS
Mathematics Advanced (Pender, Sadler, Ward, Dorofaeff, & Shea, 2019a) will
be completed at the discretion of your teacher.

e Remember to copy the question into your exercise book!
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Section 1

Differentiation of the exponential function

“s Learning Goal(s)

= Knowledge L Skills @ Understanding
Establish the value of e Differentiate exponential The derivative of e” is itself.
functions

@ By the end of this section am | able to:
9.2  Consider the gradient function of y = ax by graphical methods

9.3  Establish and use the formula dif:) =e”

9.7  Apply the differentiation rules to functions involving the exponential function, f(x) = ke*®, where k
and a are constants

1.1 From first principles

e Goal: find the gradient of the tangent
to f(x) = a®.

— First by finding gradient of the
tangent to f(x) = a” at (0,1).

o Draw ... from P(0,1) to
Q (63:, a‘”‘*’) on the curve to approximate
tangent.

e Gradient of

e m only exists as a limit, but will need
this again (see next slide).



DIFFERENTIATION OF THE EXPONENTIAL FUNCTION — FROM FIRST PRINCIPLES 5

Gradient of tangent

Differentiating f(z) = a” from first principles,
using index laws: Yy

f'(x) =

€, Laws/Results

Derivative of y = a” at any x value is the function itself, multiplied by the gradient
of the function at (0, 1).

A What is the the gradient of the tangent at z = 07?

e Numerical value of m is still unknown.
e m will change as the value of a changes.

e Testing a few values of a,

90.0001 _ 1
— 2 _ — 0~
“ m 0.0001 e
9 50.0001 _ 1
“ m 0000 |
2'70.000 1 _ 1
“ m 0.000 1 e
9 g0.0001 _
a=28 me2 1
OOOO 1 ..........................

there will be a value (denote to be e) somewhere between 2.7 and 2.8 that makes m = 1

and % = ¢e” =y, i.e. the derivative is the function itself.

NORMANHURST BOYS’ HIGH SCHOOL THE EXPONENTIAL FUNCTION



6 DIFFERENTIATION OF THE EXPONENTIAL FUNCTION — MISCELLANEOUS PROPERTIES

&) Definition 1

The Exponential Function is

1.2.1 ¢€*
flz) =e"
o cr to 12 d.p., and is transcendental like 7.

e f'(0) =¢e® = 1. Notice f'(0) =ma® =m # 1 for other values of a > 1.

o lim (1+1)" =e

n—o0

1.2.2 Derivative of «*

e Change base to e*.

e Derivation of change of base rule:

Steps
1. Lety=a".
2. Take logarithm of base e on both sides, resulting in

3. Exponentiate both sides to obtain explicit equation in y:

= Further exercises

(A) Ex 9A (x) Ex 11A

e Q4-6 . Q56

THE EXPONENTIAL FUNCTION NORMANHURST BOYS’ HIGH SCHOOL



......... .......... .......... 1'.'3‘“%C"'Curvie"trai'nsfdrmaf'iO'nsé ......... .......... ......... ......... .......... ......... ......... ......... ..........

14 Derwatwesof.@ ............ O O O O O OO O W W

A The is almost always required.

......... u ......... .......... 14 1 Standard questlons ..... ......... ‘ ......... .......... ......... ......... .......... . ......... ......... ......... ..........

| 5 : P Example 1 E : : : E E E E 2 : : :
| Differentiate e**+1. Answer: dedotl :

B | & Example3 -

. . : L2
Find the derivative to 61 E Answer: —2zel ="

& Exampled .........

Find the derivative to y = (e** — 3)4. Answer: 82 (2 — 3)°




T Bl _________ s

Find the derivative to y = z3¢®. Answer: 22e*(3 + )

b5x—2

SET SR SO 5z i G O
SRR S e : : :




e s E e s

. : o ag € g ELare =) E
bbb | Hind the derivativeito y = Anwer: —ogE e

1
Answer: r~ ‘e =




. 8e87412¢4% 12127

Answer: WQ—




o .‘s,Examp,elz ......... e

i Py od ?

SR SRR e 2003 CSSA 2U leen that y i 36—2:1: ShOW tha.t 2 y + 3_y o 2y 0 ........ ERERENE
T dx

R . x z

‘Is Exaimple 14

For what values of A does the function y = e** satisfy the equation y” +y' — 6y = 07
Answer: \ = —3,2

o S
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DIFFERENTIATION OF THE EXPONENTIAL FUNCTION — DERIVATIVES OF e

Supplementary Exercises

1.  Differentiate the following with respect to x.

g Yy = 6312 +4x+4

)
h) y= 927 +52%—6

(a) y=Te"

0) y="r

() y= e+l

d) y= 22?45

(€) y=e""

(f) y= e~ +6—1
(

(

2. If f(z) = 5™ find f'(1).

d
3. Determine the value of the positive constant a if e (a

Answers

1. (a) 7e* (b) %ez (c) 2zer’+1 (d) Age2=’+5 (e) —5e3—5T (f) (73x2 + 6) e H6z—1 () (6x+4)e312+4z+4 (h) (15362 + 18:E) 9z +52° 6

J

(i)
()
(
(

y = xe®
y = 1'2671"
y = l,267x2
y = re®
B ef+e”*
Y 2
B er — g%
y=7
e2x
Yy=—
T

T
T

(p) y=e"v"

(@ y=etve

() y=(+1)
() y=e=

(t) v= Zw i 1
(n) y=4%"

(v) y=2""

(W) y=a-3"

—2%) =0 when z = 1.

) et(z+1) () we(2—2) (k) 226" (1—a2) (1) €22 (2 + 1) (m) L (e% — %) (n) L (e7 +e2) (o) T-Ce=D)

(e”—'+1)2

(

L x
(p) (1 - 255) "V (a) loetVE (1) 12637 (30 +1)° (5) — S5 (t) 2y (u) 62457 Ind (v) 272 4 2227 2
(

w) 322 —3%In3 2. In5 3. e

:= Further exercises

@ Ex 9C
e All questions

@EX 2C

e 1, 2 last 3 columns

e Q12 last column

e Q15

e Q17-19 last 2 columns
e (Q20-21 last 2 columns

e (Q3-5, 8-11 last 2 columns

@ Ex 11C

e All questions

i= Further exercises (Legacy Textbooks)

@ Ex 13A

e 02-4, 6

e Q7 last row

THE EXPONENTIAL FUNCTION
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...................................... pplicationsofdierentiation
7 Learning Goal(s)
............................... = Knowledge o Skill ST
Identify =~ the  features  of Apply concepts from calculus to The inverse relationship of :

SR ERRREE s exponential  functions and exponential functions exponential and logarithmic - s
: their transformations functions

SR ... & Bytheend of this sectionam l ableto: o
: : : : 9.1  Graph an exponential function of the form y = ax for a > 0 and its transformations y = kaz + ¢ and

y = kax + ¢ where k and c are constants.
............................... 0.4 Explore the transformations of y — *

: o imponf*tant note

A Al knowledge from Introduction to differentiation topic prerequisite to this
section.




14 : : : : : : : APPLICATIONS OF DIFFERENTIATION :(— TANGENTS AND NORMALS

T gl T

Find the equation of the tangent to the curve y = e” at (1,e). Answer: y = 2ez — ¢

[2005 HSC Q5] Find the coordinates of the point P on the curve y = 2e* + 3z at

""""""""""" which the tangent to the curve is parallel to the line y = bx — 3.

Ts Eéxampzle 18§

Find the equation of the tangent to the curve at y = z%” at (1, e).

Answer: y = (e+e2)z—¢

o S




......... .......... .......... 2"2“"C'urve sketchlng ............ ......... ......... .......... ......... ......... .......... ......... ......... ......... ..........

(i)

‘{‘ Example 19

[2007 NSB Task 3]

.......... 1 6

Sketch the curve y = e* — 2.

On the same sketch, find graphically the number of solutions of the equation

eF—x—2=0.

o S




.............. 16A-PPLICATIONSOFDIFFERENTIATION*CURVESKETCHING

........................... gExampleZO

................ [2012 Sydney Boys’ Trial] For the curve y = ze™

. : dy : : :

t : i Prove that — = —e™*(z — 1). 1 : : :

JRN b (i) dx ( ) SH TR b SRR

| : (ii))  Find any stationary points and determine their nature. 2 : : :

................ . - 2y ST 1
iii rove that — = e *(z — 2).

................ dx?

' . (iv) Show that there is a point of inflexion on this curve and find the 2 . .

JRR . coordinates of this point. i S S
(v)  Sketch the curve, showing the coordinates of the point of inflexion and 1

.................. a,ny Stationary points. R T B N LR EE T

o S




‘APPLICATIONS OF DIFFERENTIATION — CURVE SKETCHING : : : : : : : C17

O Bl

___________________________ [1999 S&GPCA Trial] The function g(z) = axe**! has first derivative =
g () = (1+ z)e®™ and second derivative ¢"(z) = (2 + x)e* .

......... .......... .......... | (i)  Find the coordinates of the stationary point and determine its nature. L . ..........
(ii))  Find the coordinates of the point of inflexion. 1
(iii) By using an appropriate scale, neatly sketch the y = g(z) for 3 :

................................ —% <n= %, showing the stationary point and the point of inflexion.




......... .......... e ’ls“Ef)'(amp:Ie'?Z ........ VRN SO I e e, R UE RN SO I SR s i, ......... ......... ..........
| : [2002 S&GPCA Trial] The diagram shows a sketch of the curve y = ze™*. The : :
curve has a maximum turning point at A and has a point of inflexion at B.

Y ......... ......... ..........
A : : :

i)  Find the coordinates of A. 2

ii) Find the coordinates of B. 2 ......... ......... ..........

ili) For what values of x does the curve concave up? 1

iv) For what values of p (except p = 2) does the equation ze™® = p have 1

......... ....... exactly one real root? ......... ......... ..........

o S




O Bl

[2003 S&GPCA Trial] The diagram shows a sketch of the curve y = 2ze?.

OO "
| : : | The curve has a minimum turning point at A and has a point of inflexion at B.

| : : | (i)  Find the coordinates of A. 2 :
......... ......... (11) Find the coordinates of B. 2 ..........

(iii) For what values of x does the curve concave down? 1

| _ _ | (iv) For what values of k does the equation re3 = k have two unequal real 1
SR L SRR a roots?

o S




[2004 S&GPCA Trial] The diagram shows a sketch of the curve y = ze™*+1. The

curve has a maximum turning point at A.
Y

A

: ) | :

(i)  Find the coordinates of A. 2

(ii)  For what values of x does the curve concave up? 2

o S
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[2008 NSB Task 3]

(a)  What are the coordinates and the nature of the stationary point(s) of 4
: : : : e’ :
......... .......... .......... . the curve = ? ........ ..........
iii Tl f
; ......... E. ......... :.....—: (b) What iS the range Of this function? 1 ........ : ..........
| (& Sketch this curve, showing any intercepts. 2




22 : : : : : : : APPLICATIONS OF DIFEERENTIATION :— CURVE SKETCHING

T gl R

xT

--------- »»»»»»» [1995 3U HSC Q4] @ Consider the function f(x) = Note that e” is always --------- --------- ~~~~~~~~~~

positive, and that f(z) is defined for all real z.

3+er’

(a)  Show that f(x) has no stationary points. 2

""""" """ (b)  Find the coordinates of the points of inflexion, given that 1
e  3e7(3—¢7) G bib
(3 + ex)3 : : :

(c)  Show that 0 < f(z) < 1 for all z. 1

_________ ...... f(x)

--------- »»»»»»» (d)  Describe the behaviour of f(x) for very large positive and very large 2 --------- ......... ..........
: : negative values of z, i.e. as x — co and x — —o0. : : :

......... ....... (e) Sketch the curve Y = f(m) 2

o S




(A) Ex 9D (x) Ex 11D

e All questions )
e All questions

;5 Further exercises (Legacy Textbooks)

(@) Ex 2D (x1) Ex 13B

e Q6-9
e All questions e Q12-22

NORMANHURST BOYS’ HIGH SCHOOL



............... 24 ... ... ... AAPPLICATIONS OF DIFFERENTIATION _ (x1):INVERSE FUNCTIONS . . .

......... ..... 23 ..... 'h’ifVEfSé“fU'l‘élCﬁOhS"'"é ......... ......... ......... .......... ......... ......... .......... ......... ......... ......... ..........

ws Example 27

[1999 3U HSC] @ Consider the function f(z) =e* —1—x.

""""" """" (i)  Show that the minimum of f(z) occurs at = 0. 2 : :
......... ...... (i)  Deduce that f(x) > 0 for all . 1 ~~~~~~~~~ --------- ~~~~~~~~~~
E E (iii) On the same set of axes, sketch y = e” — 1 and y = x. 2 E E E

...... O T VO . ..........
......... ....... ()4 State the domain o8 5 (); 1 ........ ......... ..........

N - (vi) For what values of z is log, (1 + z) < 2?7 Justify your answer. 2

o S




APPLICATIONSOFDIFFERENTIATION*X1INVERSEFUNCTIONS25 ................
gExampie L o R R R L R L R L L Lt LRt LT EL L LR SRR AERE REEE R
.............................. [2010 Ext 1 HSC] @ Let f(z) = e~ The diagram shows the graph y = f(x)

4 .

x
.......................... (a)  The graph has two points of inflexion. Find the = coordinates of these -
................................ pOImE:
| : : | (b) Explain why the domain of f(z) must be restricted if f(x) is to have 1 _
......... .......... .......... . an inverse function. ..........
(c)  Find a formula for f~'(z) if the domain of f(z) is restricted to z > 0. 2

......... (@) State the domain of f-1(). | ..........
........ ......... (e) Sketch of the curve f_l(x). L e ..........



26 : : : : : : : APPLICATIONS :OF DIFFERENTIATION: — (x1) : INVERSE FUNCTIONS

......... .......... L ’ls“Eg)'(amp;Ie“Zgg ......... R SR S i e S i, s ......... ......... ..........
| : 1 : : :
e fo [2002 Ext 1 HSC Q7] @ Let g(z) = * + = for all real values of z and let e pr

f : 1
L L f(:c)=ew+e—xforx§0.

i.  Sketch the graph y = g(x) and explain why g(z) does not have an 2
inverse function.

ii.  On a separate diagram, sketch the graph of the inverse function f~!(z). 1

iii. Find an expression for y = f~!(z) in terms of z. 3

o S




......... .......... 44444444444 24/Tay|0r Serles expanSlon ....... .......... ......... ......... .......... ......... ......... ......... ..........

A Not in the syllabus, but provided here as an enrichment exercise.

C Eses

: : : -} To find the Taylor Series expansion to ¢* about x = 0: If ¢ can be approximated ;
S T ... [N RIS OSBRSS SN O R O T O R U S R T
5 : : 5 f(z) = ag + 012 + agx® + asz® + agz* + - - :

then find ag, a, as, as etc to obtain the polynomial approximation.

1. To obtain ag, set x = 0:

2.  To obtain ay, differentiate f(z) and let z = 0:

3. Differentiate f'(x) and let z = 0 to obtain ay:

ff@)= ..

Z . . . 1
444444444 .......... 4444444444 . .'. a2 = 5

4. Differentiate f”(z) and let z = 0 to obtain as:

f9(0) =




(continued from previous page. . .)
5. Differentiate f®(z) and let z = 0 to obtain ay:

ol =
FOO) =
1

T 3 xax1

6. Generalise:

Try the TaylorPolynomial function with parameter exp(x) about z = 0 and a
degree of your choice!

o S



http://www2.trinity.unimelb.edu.au/~rbroekst/MathX/Calculate sinx.pdf

ge i

“s Learning Goal(s)

i= Knowledge
Examine the rate of change in
exponential functions

L5 Skills

Simplify and solve exponential
and  logarithmic  functions
algebraically

& By the end of this section am | able to:
9.5  Establish and use the algebraic properties of exponential functions to simplify and solve problems

@ Understanding

Applications of exponential and
logarithmic functions in real
world contexts

9.6  Solve problems involving exponential functions in a variety of practical and abstract contexts, using
technology, and algebraically in simple cases

9.8  Work with natural logarithms in a variety of practical and abstract contexts

9.9  Graph a logarithmic function y = log, « for @ > 0 and its transformations y = klog, z + ¢ , using
technology or otherwise, where k£ and c are constants.

9.10 Solve problems involving indices using (natural) logarithms

: o impoétant note '

e Use exactly the same rules for the previous work done on Rates of change from
the Introduction to Differentiation topic

e Replace the polynomial-like functions with the exponential function

e Be prepared to use some logarithms base e to finish off the problem.



e R o * (L A
30 : : : : : : : : : . RATES OF CHANGE: — gy :LOGARITHMS BASE e

........ ..... 31 ..... C Logaritthbase€ ......... ......... ......... ......... ......... ......... .......... ......... ......... ......... ..........
, : : o Importaht hote : : : - : : ; : : : : : :

Ensure you review work from Topic 6 - Indices and Logarithms!

oy REempes

= Further exercises

Ex 9C @ Ex 11E

........ ...... e All questions ‘ ......... e, ST
| : e All questions : 5 :




e i eae

(IPEndﬁLeZc_alJ, [2QL9_H, p.528) The number B of bacteria in a laboratory culture is

.................................. growing according to the formula B = 4 000e%!!, where t is the time in hours after the
. : _ | experiment was started. Answer these questions correct to three significant figures.
e, S .....| () How many bacteria are there after 5 hours? S
dB
,,,,,,,,,,,,,,,,,,,,,,,,,,,, (b)  Find the rate o at which the number of bacteria is increasing, and show that =
a5
e T i : B LR TS TNINON SO0 SO0 SRS OOt OO SOS SO0 RSN -
5 5 5 : dt 5

(c) At what rate are the bacteria increasing after 5 hours?
""""" """"" """"" | (d) What is the average rate of increase over the first five hours? """""

()  When are there 10000 bacteria?

(f)  When are the bacteria increasing by 10000 per hour?

Answer: (a) 6590 (b) Show (c) 659 bacteria/hr (d) 518 bacteria/hr (e) ~ 9.16 hrs (f) ~ 32.2 hrs




32 : : : : : : : : RATES OF CHANGE + EXPONENTIAL RATES OF CHANGE

......... .......... . ?3"E&amﬁle"3’2§ ......... i, e SR e e, SR i, i, ......... ......... ..........
| : [2008 2U HSC] Light intensity is measured in lux. The light intensity at the surface : : :

of a lake is 6 000 lux. The light intensity, I lux, a distance s metres below the surface
of the lake is given by

................. i
......... ...... where A and k are constants. ......... ......... ..........
| : (i)  Write down the value of A. 1 : :

.............. (i)  The light intensity 6 metres below the surface of the lake is 1000 lux. 2

Find the value of k.

......... ....... (iii) At what rate, in lux per metre, is the light intensity decreasing 6 metres 2 ......... ......... ..........
' : below the surface of the lake? ' ' '

o S




N SR - RATES OF CHANGE - EXPONENTIAL RATES OF CHANGE . NN o e NN R 33 S

L LIV 00 00 0 O O OO O 00 0 O

| : : | [2009 2U HSC] Radium decays at a rate proportional to the amount of radium
EEN A N | present. That is, if Q(¢) is the amount of radium present at time ¢, then Q = Ae™**,
' : ‘ -} where k is a positive constant and A is the amount present at ¢ = 0. It takes 1600

years for the amount of radium to reduce by half. _
(i)  Find the value of k. 2 -

| : : | (ii) A factory site is contaminated with radium. The amount of radium 2
S S on the site is currently three times the safe level.

""""" """"" """"" ' How many years will it be before the amount of radium reaches the
safe level?

: 3= Further exercises : : : : : : : : ? : Lo P

| ®Ex9F (x1) Ex 11F
......... , ......... e All qU.eStiOIlS

e All questions .
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